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Abstract. We study the equation —Au + h(x)\u\ q ~ 1 u = 0, q > 1, in 
R+ = R^ 1 x R+ where h £ C(Sf), h > 0. Let (an, . . . , x N ) be a 
coordinate system such that R+ = [xn > 0] and denote a point a; £ R^ 
by (x',xn). Assume that h(x' ,xm) > when x' 7^ but h{x' ,Xri) —¥ 
as I a;' I — > 0. For this class of equations we obtain sharp necessary and 
sufficient conditions in order that singularities on the boundary do not 
propagate in the interior. 



1. Introduction 
In this paper we study solutions of the equation 

(1.1) -Au + h(x)\u\ q - 1 u = 0, 

in = M. 1 *- 1 x R + where q > 1 and h G C(Rj), h > 0. (If a; € we 
write x = (x',xn) where a;' = (xi, . . . , xjy-i)-) 

If /i > in then boundary singularities of solutions of (1.1) cannot 
propagate to the interior. This is due to the presence of the absorption term 
h\u\ q ~ 1 u and the Keller - Osserman estimates, [3] and [7]. In fact, in this 
case, (1.1) possesses a maximal solution U in and, 

(1.2) lim U(x) = 00 VM > 0. 

xisr— >0 

\x\<M 

A solution satisfying this boundary condition is called a large solution. It is 
known that under these conditions the large solution is unique (see e.g. [1]). 

On the other hand, if h vanishes on a set F C M^X which has limit points 
on [xn = 0] then a singularity at these limit points may propagate to the 
interior. By this we mean that there may exist a sequence {u n } of solutions 
of (1.1) in which converges in 

n = R*\F 

but tends to infinity at some points of F. 

In this paper we shall study the case where h is positive in Vt but may 
vanish on 

F = {{0,x N ) eR+ : x N > 0}. 
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Since h is positive in \ F a singularity at the origin may propagate 
only along the set F. Furthermore a weak singularity, such as that of the 
Poisson kernel, cannot propagate to the interior because any solution of (1.1) 
is dominated by the harmonic function with the same boundary behavior. 
Therefore we must consider only strong singularities, i.e. singularities which 
cannot occur in the case of a harmonic function but may occur with respect 
to solutions of (1.1). 

Suppose that 

h(x',x N ) < h (\x'\), 

where 

h € C^O, oo), h (s) > for s > 0, h (0) = 0. 

It is clear that, the faster ho(s) tends to zero as s — > the greater the 
chance that a strong boundary singularity at the origin will propagate to 
the interior. 

Our aim is to determine a sharp criterion for the propagation of singu- 
larities with respect to solutions of (1.1) with h G C(R+) such that h > 
in R+ \ F. It turns out that such a criterion can be expressed in terms of 
functions of the form 

(1.3) h(s) := e - ^. 

We assume that oj satisfies the following conditions: 

(i) to € C(0, oo) is a positive nondecreasing function, 

(1.4) (ii) s i->- fi(s) := U ^ is monotone decreasing on R + , 

s 

(in) lim fi(s) = oo. 

We establish the following results. 
Theorem 1.1. Suppose that 

(1.5) liminf h(x)/h(\x'\) > 

where h is given by (1.3) and that (1.4) holds. 
Suppose that uj satisfies the Dini condition, 

(1.6) f (u(t)/t)dt < oo. 

Jo 



If {u n } is a sequence of solutions of (1.1) in converging (pointwise) in 

n = R^\F 



then the sequence converges in R^ and its limit is a solution of (1.1) in 
In particular, (1.1) possesses a maximal solution U in R^X. 
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Theorem 1.2. Suppose that there exists a constant c > such that 

(1.7) h(x) < ch(\x'\) ViGRf 

where h is given by (1.3). Assume that (1.4) and the following additional 
conditions hold: 

u(a~ j+1 ) 

(1.8) limsup — ~. ~ < 1 for some a > 1 
cmc? 

(1.9) lim n(s)/\ In s| = oo. 

Condition (1.9) guarantees that, for every real k, (1.1) /ms a solution uo,fc 
with boundary data k5o (where 5o denotes the Dirac measure at the origin). 
Under these assumptions, if 

(1.10) I (uj(t)/t)dt = oo 
t/ien 

(1.11) n ,oo = lim u ,fc 
is a solution of (1.1) m O 6wt 

«o,oo(a;) = oo Vx G F. 
Corollary 1.1. Suppose that there exists a positive constant c such that 

(1.12) c-^Oz'l) < /i(x) < cfe(|x'|) Vxel^ 

where h is given by (1.3) and satisfies conditions (1.4), (1.8) and (1.9). 
T/ien the Dini condition (1.6) is necessary and sufficient for the existence 
of a large solution of (1.1) in M^. It is also necessary and sufficient for the 
existence of the strongly singular solution uq )00 . 

Problems concerning the propagation of singularities for semilinear equa- 
tions with absorption have been studied in [5] , [8] (parabolic case) and in [6] , 
[9] (elliptic case). However, in these papers it was assumed that the absorp- 
tion term is positive everywhere in the interior of the domain, fading only 
at the initial time or on the spatial boundary. Consequently singularities 
could propagate only along t = or along the boundary. 

In [5] the authors studied the equation 

d t u- Au + e~^u q = inIR iV xIR + 

and proved that if u is a positive solution with strong singularity at a point 

on t = then u blows up at every point of the initial plane. In [6] the 

authors studied the corresponding elliptic problem in a domain D where the 

i 

coefficient of the absorption term is e p(x) = dist (x, <9r2), proving a 
similar result. 
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In [8] the authors considered the equation, 

d t u- Au + e~^u q = inR iV xR + 

where w is a positive, continuous and increasing function on R + . They 
proved that if y/oj satisfies the Dini condition then there exist solutions with 
a strong isolated singularity at a point on t = 0. Similar sufficient condi- 
tions were obtained in [9] and [10] with respect to an elliptic (respectively 
parabolic) equation where the absorption term vanishes at the boundary 
(respectively at x = 0). 

The methods of the present paper can be applied to these and other 
problems with fading absorption, to obtain sharp necessary and sufficient 
conditions for the propagation of singularities. 

Acknowledgment. AS wishes to thank the Department of Mathematics 
at the Technion for its hospitality during his visits. 

2. Proof of Theorem 1.1 

Given R > let x R = (0, R) and denote by Br the ball of radius R 
centered at x R . We shall prove the following: 

Theorem 2.1. Suppose that h = h in a neighborhood of the origin. Then, 
under the assumptions Theorem 1.1, there exists R > such that (1.1) has 
a solution V R in Br which blows up everywhere on the boundary: 

V R (x) — > oo as x — > OBr. 

Now let Vk denote the solution of (1.1) in such that Vk = k on the 
boundary and put 

V = lim Vk- 

Condition (1.5) implies that there exist positive constants c and R such that 
(2.1) h(x) > ch(\x'\) for \x\<R. 

Therefore Theorem 2.1 implies that there exists R G (0,R/2) such that 

V < V R . 

Further this implies that V is locally bounded in the strip < x^ < R and 
therefore, everywhere in K+. Finally, since V dominates every solution of 
(1.1), the conclusion of Theorem 1.1 follows. 

The proof of Theorem 2.1 is based on estimates of certain energy integrals 
of solutions of (1.1). In a half space these integrals are infinite. Therefore we 
shall estimate integrals over a bounded domain for solutions with arbitrary 
large boundary data. 

Condition (1.6) implies that lim s ^ou(s) = while (1.4) implies that 
lim^o h(s) = 0. We extend both of these functions to [0, oo) by setting 
them equal to zero at the origin. 

In the course of the proof we denote by c, c', Cj constants which depend 
only on N,q. The value of the constant may vary from one formula to 
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another. A notation such as C(6) denotes a constant depending on the 
parameter 6 as well as on N,q. 

2.1. Part 1. Let R, b be positive numbers such that R/8 < b < R/2. Denote 
by U M , M > 0, the solution of (1.1) in B R (0) such that U M = M on dB R (0). 
Let 

ft b = {x = (x',x N ) £ R N : \x'\ < b, \x N \ < b}. 
We start with an elementary estimate of the energy integral: 

(2.2) h{M)= f {\VU M \ 2 + Kx)U q + l )dx. 

Lemma 2.1. Let h be as in (1.3) and assume (1.4). T/ien 

(2.3) J b (M) < Ci(6)M 9+1 , Ci(6) = cb N h(8b). 

Proof. Let dm := C/m — M. Multiplying (1.1) (for u = Um) by t>M and 
integrating by parts we obtain, 

f (\VU M \ 2 + h(x)U q M v M )dx = 0. 
Jb r {o) 



Therefore 



h{M) < [ (\VU M \ 2 + h{x)U q + l )dx 
(2.4) JB f 

=M / h(x)U q M dx < c'M q+1 h(R)R N < cb N h{8b)M q+1 . 
Jb r (o) 



□ 

Notation. Put 

(2.5) n b (s) :={x£R N :s< \x'\ < b - s, \x N \ < b - s} V s G (0, 6/2). 
If f is a positive solution of (1.1) in B R (0), denote 

(2.6) J b (s;v):= [ (\V x v\ 2 + h(\x'\)v q+1 )dx. 

Jn b (s) 

Finally denote, 



(2.7) ipb(s) := / h(x) i- 1 da. 

JdCl b (s) 

Proposition 2.1. There exists a constant c such that, for every positive 
solution v of (1.1) in B R (0), 

9+3 

(2.8) J b (s;v) < c (^J o <Pb(r)~rt3drj Vs G (0,6/2). 
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Proof. Put S b (s) := dQ b (s) and denote by ft = n(x) the unit outward normal 
to Sb(s) at x. 

Multiplying equation (1.1) by v and integrating by parts over Q b (s) we 
obtain, 

(2.9) f (\V x v\ 2 + h(\x'\)v q+1 )dx = [ %da, 
Jn b (s) Js b (s) on 

We estimate the term on the right-hand side using first Holder's inequality 
(for a product of three terms) and secondly Young's inequality: 

f 9v , /■,„,,., 
/ v^rzda < / |V :E ?;||'u|a<7 < 
Js b (s) on J Sb{s) 

(2.10) ( f \V x v\ 2 da] 2 ( f h{x)\v\ q+1 da) + \ b (s)^< 

\JS b (s) J \Js b (s) J 

q+3 

( f „ , , \ W+T) q-l 

ci / (\V x v\ 2 + h(x)v q+1 )da) <p b (s) . 

\Js b (s) J 

Substituting estimate (2.10) into (2.9) we obtain: 

q+3 

(2.11) J b (s;v) < c 2 ( / (\V x v\ 2 + h{x)v q+1 )day^ ^ b {s)W~) . 

V Js b (s) J 



Since 

_d_ 

ds 



J b (s;v)= [ (\V x v\ 2 + h{x)v q+1 )da, 

JS h (s) 



S b (s) 

inequality (2.11) is equivalent to 



■/&(*;«) <c 3 ^( S )fe(-— J 6 ( S ;t;)) 2(9+1) Vs G (0,6/2). 

Solving this differential inequality, with initial data J b (b/2; v) = 0, we obtain 
(2.8). ' □ 



In continuation we derive a more explicit estimate for h as in (1.3). We 
need the following technical lemma. 

Lemma 2.2. Let A > 0, m G N, I G R 1 and Zei uj G C 1 (0, oo) 6e a positive 
function satisfying condition (1.4). TTien i/iere exisi s G (0,1), depending 
on A, I and uj such that the following inequality holds: 

(2.12, | t -Mt)'«p ( - > (m - ^ - 4 «p(-^ ( .)) 

Vs : < s < s. 
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Proof. Due to condition (1.4) (ii) integration by parts yields: 
t m u{t) l ex V {-A^{t))dt 

( 2 - 13 ) =^TT W ( S )' *M-Ms)) - J o e W (-Mt)Mt) l+1 dt 

+ / -exp{-An{t))u'{t)u l ~ 1 {An{t) - l)dt. 

JO "2+1 

Again due to (1.4) (ii), there exists s > such that 

Afi(s)>l Vs€(0,s). 

For later estimates it is convenient to choose s in (0, 1). 
As u(s) is non-decreasing, it follows that, for < s < s, 

(s + ^py) J* t m ^uj{t) 1 exp{-Afi(t))dt > ^^u(s) 1 exp(-An(s)). 

This inequality is equivalent to (2.12). □ 

Proposition 2.2. Assume that h is given by (1.3) and satisfies (1.4). Then 
there exists a constant s* £ (0,6/2), depending on N,q and the rate of blow- 
up of fj,(s) = lo(s)/s as s — > 0, such that 

J b (s;v) < c6 iV - 1 expQ(s) Vs G (0,s*) 

( 2 - 14 ) n( , 2a*(s) g + 3 g + 3 

Q(s = + In /i s In s, 

q-l q-l q-l 

for every positive solution v of (1.1) in Br(0). 

If, in addition, there exists a positive constant j3 such that 

(2.15) pln^<n(s) 0<s<s*, 
then 

(2.16) Q(s) < Qo^{s) 0<s<s* 
where 

(2.17) Qo:=A + 7^ + 9 + 3 



q-l (q-l) P(q-iy 
Proof. Denote 

Sb,i(s) = {x ■ \x'\ = s, \xn\ < b} U {x : \x'\ = b — s, \xn\ < b} 

and 

Sb,2{s) = {x : s < \x'\ < b — s, \xn\ = b}. 
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Then 

/ h{\x'\Y^da 
Js bA 

(2.18) = 2 7JV _i(6 - s)(h( S y^s N - 2 + h(b)~^(b - s) N ~ 2 ) 

< 46 JV - 1 77V „ 1 exp ^4 < s < 6/2, 
q- 1 

where 7at_i denotes the area of the unit sphere in IR^ -1 . Further, since \x 
is monotone decreasing, 

(2.19) / h{\x'\Y^da = 2 1N ^ f b S eX p^lp N - 2 d P 

< 2(AT- l)- 1 6 Ar - 1 7JV _ 1 exp 



q-1 

By (2.18) and (2.19): 



<p b (s)= I hdx'iy^daKcb^exp^l, < s < 6/2, 
Js b (s) Q ~ 1 

where c = (4 + 2(N - l) _1 )7jv-i. This implies, 
(2.20) 

f s , , (jv-i)( 9 -i) /•* / 2u(r)\ , 

/ w fe (r) <J+ 3 dr>ci6 -?+ 3 / exp — -— ^- ) dr, a = c i+ 3 . 

Jo ' Jo v 9 + 3/ 

Let s* be the largest number in (0, 6/2) such that 

2 

o s* < s, (s as in Lemma 2.2 for I = 0, m = 1 and ^4 = ), 

v g + 3 ; 

o //(«*) > ^T 1 = (? + 3)/2. 

Then (2.20) and (2.12) imply 

/ 001 n / «+ s dr>c 2 b 9 +3 exp(--^J, 

(2.21) y w ( s ) v g + 3/ 

C2 = ci(q + 3)/6, 

for all s € (0, s*]. This inequality and (2.8) imply (2.14). 

Suppose now that the function fi(-) given by (1.3) satisfies (2.15). Since 
lnr < r for r > 1, conditions (1.4), (2.14) and (2.15) imply (2.16). □ 

Next we estimate energy integrals over domains of the form 

(2.22) ^&(t, a) := {x = (x',xn) : \x'\ < a, \xn\ < 6 — t} 

where < a < 6/2, < r < 6. 

Let rj G C°°([0, oo)) be a monotone decreasing function such that 



(2.23) 



r](s) = 1 if s < 1, 17(a) = if s > 2, ?/(s) < 2 
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and denote 

Va(s) = r)(s/a). 
We shall estimate the integrals, 

(2.24) E b (r,a;v):= f (\v4 Va (W\)v)\ 2 + h(^AW\) 2 v g+1 )dx. 

Jn b (r,2a) V ' 

Proposition 2.3. Assume condition (1.4). Lets* £ (0,5/2) be as in Propo- 
sition 2.2. Then the following inequality holds for < a < s* and a < r < b: 

(2.25) E b (r,a;v) <ca(- ^hp^ + c 2 (b) exp H (a), 

2(Af-l) 

where 6*2(6) := c6 9+ 1 ; 

H(a) = 2 9M±m + (^-l)( g -l)-2( g + l) 

(2.26) 9 + 1 9 + 1 
V ; 2 M ((7) , 2(g + 3) , 

= H ^ — In ^(cr) - c. In a 

q — 1 q z — 1 

and 

» 2(g + 3) + 2(g 2 -l)-(iV-l)(g-l) 2 
C g 2 - 1 

//, in addition, condition (2.15) /lo/efe i/ien i/iere exists a constant Ho 
depending only on q and j3 such that 

(2.27) H(a) < H of i(a), 
where 

(2 2H) H - 2 + 2 (g + 3 ) , C + 

(2 ' 28) ~~ 9--^ + + 7- 

Proof. Multiplying equation (1.1) by rj^^x'^v and integrating by parts over 
Ofe(r, 2<r) we obtain, 



/ Vv -V(vril)dx+ / /i(x)t; 9+1 77 2 dx 

? ^n 6 (r,2 CT ) Jn b (r,2a) 

[ <>>■ 2, / 

Js!(r,2a) 9n 



dv 

S' b (r,2a) 

where 5"^(r, cr) = {x : \x'\ < a, \xn\ = b — r}. 

We estimate the first term on the left hand side: 



Jn b (r,2a) 



Vv • V(vr] a )dx = 



(2.30) / \V(vr] a )\ 2 dx- / v 2 \Vr] a \ 2 dx > 

Jfl b (T,2a) Jfl b (T,2a) 

[ \V(vr] a )\ 2 dx-4:a~ 2 f v 2 dx, 
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Q b (r, a) := {a < \x'\ < 2a, \x N \ <b- r}. 



Using Holder's inequality, conditions (1.3), (1.4) and estimate (2.14) with 
s = a, we obtain: 

/ v(x) 2 dx < 

Jn b (r,a) 

([ v q+1 h(x)dx)~ ( f h{x)'^dx) q ~ < 



(2.32) 



9-1 
9 + 1 



9+1 ex nvH)^{jHr 9+1 



< 



cb 



q + 



for a < t < b and < a < min{s*, |}. The application of (2.14) here is 
justified because, for r and a as above, f2&(r, a) C fJ&(<r). 
Combining (2.29) - (2.32) we obtain, 



(2.33) 



/ \V(vr] a )\ 2 dx+ h(x)v q+1 r]ldx < 

Jn b (r,2a) Jn h (T,2a) 



n b (r,2a) 

m=n (2(Q{a) + n(a)\ Qv-i)0?-i) 



IS' b (r,2a) 

Next, by Holder's inequality, 

f d y 2 r / f 
/ -^vr) a dx < \ 

Js>Jt,2o) on Js> b ( T , 



f 8V o , . 2(JV-1) / 

/ —vrjdx + co 9+1 exp 

Js[(r,2a)dn V q + l 



a -J+i 



d 



d 



dx 



N 



■(vrj a (\x'\)) vrjcrdx' 



^ ( I (j-Mfdx') 112 ( [ (v^fdx'Y 2 

\Js' b (r,2a) OX N J \ J S' b (r,2a) J 



W,2a) 

and by Poincare's inequality in S' b (r, a), 



[ {vriafdx 1 < (c a) 2 [ \V x ,{vr) a )\ 2 dx' . 

JS' b (T,2a) JS' b (r,2a) 



Therefore 
(2.34) 

Since 



S' b (r,2a) 



dv 
dn 



vq 2 dx' 



' rrr I \V x (vr] a )\ 2 dx' . 

'S' b (r,2a) 



dE b (T,a;v) 
dr 



[ (|V(W7 CT )| 2 + h(x)v q+1 ril)dx'. 

JS!(T,2a) 



inequalities (2.33) and (2.34) imply (2.25). 

Finally, if (2.15) holds, (2.27) is obtained in the same way as (2.16). □ 
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2.2. Part2. Notation. Given M > and v £ (0,1), let s v = s u (M) be 
defined by, 

(2.35) exp(QoM^W) = h(s u (M))-^ = M\ 

where Qo is given by (2.17). 
Lemma 2.3. Put 

2( g + l + /3)-(jV-l)( g -l) 

(2 ' 36) 7 = W^ + T) ' 

where (3 is a positive number satisfying (2.15) and 

(2-37) vq := < J 

[V z /7>0. 

// 

(2.38) < i/ < min(i/ ,l) 
then, 

(2.39) £ 6 (0, s„(M'); E/m) < 2(/ b (M) + C^A^M''" 1 ) 1 < M' < M, 
w/iere 

2iV+q-l _ 2 

(2.40) C 3 (6) := c&^+^/i(8fr)i+^. 
Proof. Put 

j£(a,M) := / E&|V»fc| 2 ds. 

Then, 

E b (0,s u (M'),U M ) 

(2.41) <2/ (iViUM^vl+H^Kf'vDdx + l [ U 2 M \V VsiJ \ 2 dx 

<2(/ 6 (M)+/£( Si ,,M)), Sl/ = ai/ (M'). 

By (2.23), Vt/ Si/ (|x'|) = for \x'\ < s v and for \x'\ > 2s u . Therefore, 
applying Holder's inequality and using the monotonicity of h we obtain 



l' b (s u {M'),M)<As- 2 [ U 2 M dx 
Ja, b (o,s v ) 

<^ s uH f U^hdx^f f h(\x'\)^dx)^ 



2 _ 2 (,N-l)(q-l) j 

< cs- 2 {b N h{Sb)M q+1 ) — h{s u )~—^s u q+1 b~ 
= c(b N H8b))^b^M 2 s ; 2+(N ^ rl) exp 2 ^ {Su) 



q+1 

By (2.15) and (2.35) 

s' 1 < exp (n(8)/p), M'- v ' Qo = h(s v ) = exp (-fjt{s v )). 



(2.44) n(s,M) 
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Therefore the previous inequality yields 

jw— 2 J- 1 n . v / 1-) (N-l)(q-l) \ j 2 

l' b {s u (M'),M) < c(b N h(8b))~b~M 2 M ?Q° K "+ 1 >+ i+^Qo. 
Hence 

(2.42) l' h {s v {M'),M) <C 3 {b)M 2 M'^ 

with 7 and C 3 (6) as in (2.36) and (2.40). By (2.38) 1/7 < q - 1. Therefore 
(2.41) and (2.42) imply (2.39). □ 

Notation. For every M > and < s < 6/2 denote, 

(2.43) T b (s, M) = {t: s < t < b, E b (r, s; U M ) > 2C 2 {b) exp(F Ai(s))} 

where C2(b) is the constant in (2.25) and Hq is given by (2.28). 

Note that r i-> E b (r, s;Um) is continuous and non- increasing in the inter- 
val [s, &]. Therefore, if 

£ 6 (s,s;£/ M ) < 2C 2 (b)exp(H fi(s)) 

then T 6 (s, M) = 0. Put, 

% if r 6 (a,M) = 0, 

sup T b (s,M) otherwise 

and 

(2.45) nA M '> M ) : = n{s v (M'),M). 
Since lim r ^ E b (r, s; Um) — > it follows that 

(2.46) s u (M')<T bjV (M',M)<b. 
Furthermore, 

(2.47) E b (T b: „(M',M),s v {M');U M ) < 2C 2 (b) exp(H of i(s v (M'))) 
and, if T b>u (M',M) > s v {M') then, 

(2.48) E b (r, s v {M')- U M ) > 2C 2 (6) exp(i7 /i(^(M'))) 
for every r G (0, T bjl/ (M', M)], with equality for r = T b , v (M',M). 

Proposition 2.4. (i) Let 

b' u (M',M) :=b-T b ^(M',M). 

Then 

(2.49) / (\V X U M \ 2 + h{x)U q + l )dx < c (b N - 1 M' v + C 2 (b)M'^T). 

J ^bi,(M' ,M) 

(ii) Assume that 

(2.50) < v < ^— min(l, Q /H ). 
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where Hq is given by (2.28) and Qo is given by (2.17). Let a £ (1,2) and 
assume that M' is large enough so that, 

(2.51) C 4 (6) := coib"- 1 + C 2 {b))/C 1 {b) < M'^' 2a 

where C\(b) and C 2 (b) are the constants in Lemma 2.1 and Proposition 2.3 
respectively while cq is the constant in (2.49). 
Then 



(2.52) I K{M ,, M ){M) = f (\V X U M \ 2 + h^U^dx < d(b)M' 

^b' v (M' ,M) 

Proof. By (2.35), 

(2.53) M' = exp (^ A i(a I/ (M / ))) • 
Therefore, by (2.47), 

(2.54) E b (T bjU {M',M),s u (M');U M ) < 2C 2 (b)M'^ . 
By Proposition 2.2 applied to the estimate of J b (s u (M'), Um), 

(2.55) Jb(sAM'), U M ) < cb N ^ exp{Q n(s u (M')) = cb N - 1 M ,u . 
Inequality (2.46) implies that b' u (M',M) <b- s„(M'). Therefore 



Vv v (M>,M) C n b (T bj „(M',M),s„(M'))un b (s u (M>)) 
(see (2.5) for definition of fi&(s)). Consequently 

1 b' [/ (M',M) 

This inequality together with (2.54) and (2.55) imply (2.49). 
In view of (2.50) we have, 

b N-i M w + C2 ^ M '^ < Q/f-i + c 2 {b))M'^ +l ^ 2a . 

If M' satisfies (2.51), this inequality and (2.49) imply (2.52). □ 

Next we derive an upper bound for T biU (M',M) in terms of s v {M'). 

Lemma 2.4. Suppose that < v satisfies conditions (2.38) and (2.50) and 
that 

(2.56) M > exp (^M**)) 

where s* is as in Proposition 2.3. Then 

(2 ' 57) 6XP ( lel^M^ ) " Cl ^ M ) + C3(6)M 2 M'^ 1 )C 2 (6)- 1 M / ^^f. 
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Proof. Since v satisfies (2.50) and 1 < a < 2, 

< Q (q + 1)(1 - ^) < Q (q + 1) - H Q v. 

By (2.39), 

Eb(r, s v (M'); M) < 

E b {<d,s u (M');M)<2(l h (M) + C z {b)M 2 M' q - 1 ) Vr G (0, 6) 

where 1 < M' < M. 

If Tfo,!/ ^ inequality (2.57) is trivial. Therefore we may assume that 

tv(M',M) > s v {M'). 

Temporarily denote 

F(t) =E b (r,s u (M');M). 
By Proposition 2.3, (2.56) and (2.48), 

(2.59) F(t) < 2cs v {M') ( - Vr : s„(M') < r < r b ^(M', M). 

Solving this differential inequality with initial condition F(s u (M')) satisfying 
(2.58) we obtain, 

(2.60) E b (r, s v (M')\ M) < ci(/ 6 (M) + C z {b)M 2 M'^ 1 ) exp ( - 

for every r G [s„(M'), T b>l/ {M' , M)\. Combining (2.60) and (2.48) for r = 
Tt, tl/ (M',M) (in which case (2.48) holds with equality) we obtain, 

2C 2 (b)exp(H 0f x(s u (M'))) 

n, u (M',M) - 

2cs u (M') 

In view of (2.53) this inequality implies 



< Cl (/ 6 (M) + C 3 (6)M 2 M-> X p(-^"). 



cxp 



n J 



< 



2cs v {M< 

( 2 - 61 ) ci (J 6 (M) + C 3 (6)M 2 M / ^ 1 )C 2 (6)- 1 exp(-# /xMM'))) 
ci(/ 6 (M) + C , 3 (6)M 2 M / ^ 1 )C 2 (6)" 1 M / ~^. 



□ 



2.3. Part 3. In this part of the proof we apply the previous estimates to a 
specific sequence {Mj} defined below. As before R is an arbitrary positive 
number and we require that R/A < b < R/2. 

Proposition 2.5. Let 

(2.62) Mj = exp(a j ), Sj := s v (Mj) 
where s u {-) is defined as in (2.35) and 

vFL 

(2.63) 1< a < min(l + — -,2). 

2Qo 
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Put Uj = Um 3 ■ Then there exists jo G N such that 

(2.64) f (\V xUj \ 2 + h{x)uf l )dx<C 1 {b)M]+ 1 Vj>j 

where dip) = cb N h(8b). 
Proof. By (2.62) and (2.35), 

(2.65) aPv/Qo = fi{sj). 

Let jo be a positive integer to be determined later on. For each integer 
j > jo we define the set of pairs 

{b id , T tJ : i = j ,...,j} 

by induction as follows: 

r ; ,,,i.U ; ,.U ; i. b hl h 

ri ' j = n^AMi^j), b id = b i+1J - r { ' j , j <i< j. 

Thus 

3 

k=i 

We show below that if jo is sufficiently large then 

j 

(2.66) Thj < h / 2 V -? > 30, 

i=jo 

which implies, 

b/2 < bij. 
Specifically we choose jo so that, 

(i) C 4 (6/2) < Mj o 9+1)/2a 

(2.67) (**) ex P (~7^( s *)) - M *» 

with ci as in (2.57). For the definition of d(b), . . . ,C 4 {b) see (2.3), (2.25), 
(2.40) and (2.51). 

We observe that 64(6) decreases as b increases. Therefore (assuming 
(2.66)) condition (i) implies, 

(2.68) C 4 (M < M\ q+1)/2a , j <i<j, jo<j- 

The left hand side in condition (2.67) (iii) increases as b increases. Therefore 

(2.69) C 5 (b itj ) < (q+l)]nMi, j <i<j, jo < j- 
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Put Uj = Umj- Assuming that (2.66) holds, we apply Proposition 2.4 
to the case where 6 is replaced by 6j +i,j and M' = Mj 0+ i, M = My, we 
obtain, 

(2.70) f {\V xUj \ 2 + h(x)u) +1 )dx < C^M]^ 1 



l b ■ 



which implies (2.64). 

It remains to verify (2.66). To this end we prove the following estimate: 

(2-71) T iJ <cQ ( q+ l)^, j <i<j 

where c = 4c (c as in (2.57)). 

The proof is by induction. We apply Lemma 2.4 in the case where 

b is replaced by b i+ ij, M' = Mi, M = Mj, jo<i<j. 

For i = j we put fy+ij := b. Note that, for M > Mj , condition (2.67) (ii) 
yields (2.56). 

Applying Lemma 2.4 and Lemma 2.1 to the case i = j we obtain 

eXP 2^- C5(6)M ^ 
Consequently, using (2.62) and condition (2.67) (hi) 

^<M C5 (6) + ( ?+ l-^)lnM, 



QoH{sj) 



(2.72) 

< 2( ? + l) 

v 

For the last inequality recall that Sj = s u (Mj), which implies, 



In Mj = 



QoK s j) 



v 

Inequality (2.72) implies (2.71) for i = j. 

Observe that Sj \, as j t oo and consequently, uj(sj) 4- 0. Therefore if jo 
is sufficiently large we have t 3,3 < 6/2 and bj j > 6/2. By Proposition 2.4, 

(2.73) J 6 . . (Mj) < C 1 (6 w -)Mj 9+1)/a < Ci(6)M«+ 1 . 

Here we use condition (2.67) (i) and the fact that bjj = b — Tb tl/ (Mj, Mj). 

Now we apply Lemma 2.4 for i = j — 1, i.e., when 6 is replaced by bjj 
and M' = M,_i, M = Mj. This lemma, combined with (2.73), yields 



exp < 



Qo < 



2csj_i 

ci (jb jtj (Mj) + C 3 (bjj ) Mj M-Z\ ) C 2 (bjj ) ~ 1 
c 1 (c 1 (6 JJ )Mj+ 1 + C 3 (b jtj )MfM] l)c 2 (bj,j) '.\/ ; ^ . 
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By (2.63), 

(2.74) MfMj"® < Mj_ v 

Therefore, similarly to (2.72), we obtain 



2csj_i 



< InC 5 (6jj) + (g + l)lnMj_i 

(2.75) 

<2(g + l)- 



,QoM s j-i) 



which, in turn, implies (2.71) for i = j — 1. 

This process can be repeated inductively for i = j—2,j—3, ...,jo provided 
that bi+ij > 6/2. For each value of i in this range we first apply Proposition 
2.4 to obtain, 

(2.76) h^AMj) < C 1 {b i+l , j )M^' a < d(6)M/ +1 . 

After that we apply Lemma 2.4 combined with (2.76) to obtain (2.71) for 
the respective value of i, always with the same constant c. Therefore, to 
complete the proof, it remains to be shown that there exists jo such that: 
If 3 > 30} 30 < k < j and t 1 ' 3 satisfies (2.71) for k < i < j then, 

j 

(2.77) ^t«<6/2. 

i=k 

By (2.65) and (1.4) 

Si < {Qo/v)a~' l oj{si) < £a~ l , £ := Q oj(s )/v. 
Since, by assumption, (2.71) holds for k < i < j, 

j j j 

n,j < C(N, q, v) < C(N, q, u) £ w^a"*) 

i=k i=k i=k 

Further, using the monotonicity of u, 

Vw(r)< f 1 u{£a' s )ds < f kU ^-dr 

where = £a~ k . Because of the Dini condition, the last integral tends to 
zero when /3k — > 0. Therefore, if jo is sufficiently large (depending only on 
N, q, v and a) (2.77) holds for all k > j$. □ 

Completion of proof of Theorem 2.1. Since Um increases as M increases 

U R := lim Um = lim Uj. 

M— s-oo j—toc 

The function Vm defined by 

V M (x) = U M (x', x N + R) 
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is a solution of (1.1) in the ball Br(x r ) where x R = (0, R). If v is a solution 
of (1.1) in then 

v < V R := lim V M in B R (x R ). 

M^oo 

It remains to prove that V R is bounded in a neighborhood of the point (0, R) 
which is equivalent to U R being bounded in a neighborhood of the origin. 
By interior elliptic estimates, (2.64) implies that 

(2.78) sup I 

jo<j 

Since h(x) > 0, Uj is subharmonic in f2&. Therefore (2.78) implies 

(2.79) sup{u 3 -(x) : j < j, x G ft 6 / 4 } < oo. 

□ 



|«j| 2 dx < oo. 



3. Proof of Theorem 1.2 



Put 



r J :=2 J , % = {(x',x N ) : \x'\ < r j: < x N }, j = 1, 2, . . . . 
Further denote, 

(3.1) dj := exp ( - n(rj)), Aj = [ajr])^ 
and, for x' G I^ 1 , 

(3.2) 7,(xO = (^ Vl(X ' /rj+l) Vfnt^ 1 

10 if |x | > r J+ i 



JV-1 



where 0i the first eigenfunction of the Dirichlet problem to — A y i in B 1 
normalized by 4>\(0) = 1. Recall that /x(s) = u(s)/s. 
We consider the boundary value problems 

— Aiij + ajU q - = in Jlj, 

(3.3) Uj(x) = on {x G 9% : xat > 0}, 
Uj(x',0) = 7j(x') for |x'| < rj. 

In view of (1.4), {oj} is a decreasing sequence converging to zero and 
dj = sup exp ( — /u(s)). 

se(0,r-j) 

Therefore, for every xat > 0, {uj(Q,XN} is an increasing sequence and Uj is 
a subsolution of the problem 

—Aw + h{x)w q = in f2j, 

(3.4) w{x) = on {x G <9% : Xjv > 0}, 
iw(x',0) = 7j(x') for |x'| < rj. 
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The proof of Theorem 1.2 is based on the following: 
Proposition 3.1. For every xn > 0, 

lim Uj(Q, xjv) = oo. 

jr'-S>00 

In the next lemma we collect several results of Brada [2] that are used in 
the proof of this proposition. 

Lemma 3.1. Let a be a positive number, let q > 1 and let f be a positive 
function in L°°(i3{ v ~ 1 ) ; where B^" 1 denotes the unit ball in M N_1 centered 
at the origin. 

Consider the problem 

-Au + bu g = in D 

(3.5) u(y) = for y G dD : < y N , 
u(y',0) = f(y') for\y'\<l, 

where 

D = {y = (y\ y N ) G R N : \y'\ < 1, < y N }. 
If u is the solution of this problem then there exists a number a > such 
that 

(3.6) lim exp (\f\~iy N )u(y) = OL<t>i(y') 
y N ->oo 

uniformly in B^~ l . Here \\ is the first eigenvalue and 4>\ the corresponding 
eigenfunction of —Ay in B 1 _1 normalized by ^i(O) = 1. 
The limit a satisfies 

i_ 

(3.7) a < cb 9-1 sup/. 

Proof. By [2, Theorem 4], (3.6) holds for some a G R. Under our assump- 
tions u is positive so that a > 0. By the remark in [2, p. 357], if a = then 
there exists k > 1 such that 



lim exp (\/XkyN)u(y) = 4>k(y') 

j/jv-i-oo 

where 4>k an eigenfunction of — A y i in B^ 1 corresponding to the k-th. eigen- 
value. However this is impossible because 4>k changes signs. Thus a > 0. 
Inequality (3.7) is a consequence of [2, Proposition 1]. □ 

3.1. An estimate of uj. We start by rescaling problem (3.3). Put 

(3.8) y = x/rj, Uj(y) = A jUj (r jy ), 

where Aj is given by (3.1). Then v := Uj is the solution of the problem 

-Av + v q = in Do, 

(3.9) v(y) =0 for y G 8Dq : < y N , 

v(y',o) = i(.y') for|y'|<i, 
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where 

(3.10) 7(y') == 



& (V) if Iz/'l < | 
otherwise. 



Applying Lemma 3.1 to the solution v of (3.9) we obtain, 



(3.11) lim exp(y/Xiy N )v(y',y N ) = a^i(y') 

j/jv-^oo 

where a is a positive number depending only on g, iV. Consequently there 
exists (3 > such that 

1 



2 -a(/>i(y')exp(-VAiyAr) < AjUj^jy) 

< 2aMy')^w(-v%yN) Vy N > P, \y'\ < 1. 

This inequality is equivalent to 

Q / 

—<t) 1 (x'/rj)e-x^{-^\ix N /r j ) < Uj{x) 

( 3 - 12 ) 2a ^ 

< -j- <pi(x'/rj) exp(-y AixjvAj) \/xn > firj, \x'\ < Tj. 

3.2. Comparison of Uj and Let Tj be the number determined by 

the equation, 

fexp(- v ^r,/r,)=(-^)^2^ 

(3.13) 2 Va '"" i; 

=2-^ exp ZtM + fel) 

By (3.1) and (3.2), this is equivalent to 

(3.14) _^_ 0l(x 7 r .)exp(-^AT^) = 7j -i(z'). 

Without loss of generality we may assume that (1.8) holds for a = 2. 
Therefore there exists k G (0, 1) such that 

(3.15) fi( rj ) - n(rj-i) > Kn( rj ). 
By (3.13), 

Tj q — 1 

Therefore, by (3.15) and (1.4), there exist positive numbers Co, c\ and jo 
(depending only on k, JV, q) such that 

(3.16) f3rj < cou(rj) < Tj < c\u{rj) 

for every j > jo (f3 as in (3.12)). 
By (3.12), (3.14) and (3.16) 

(3.17) lj-l( X> ) < u j( x ',Tj), W\ < Tj, j > j - 
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By the maximum principle, (3.3), (3.17) and the fact that dj-i > a,j imply 
(3.18) Uj-±(x', xn) < Uj(x f ,XN + Tj) Vj > jo, x £ Qj. 

3.3. Proof of Proposition 3.1. Let jo < k < m. Iterating inequality 
(3.18) for j = k + 1, . . . , m we obtain, 



(3.19) 



u k (x',x N ) < u m (x',x N + ^2 Tj) Mx £ fi m . 

j=k+i 

Combining this inequality (for x' = xjy = 0) with (3.12) yields 
(3.20) 



-a(a k r k ) 



2\--, 



a 
2Ai 



< u k (0) < u m (0, ^2 T i 



j=k+l 



for every m, k such that jo < k < m. By (1.10), 



J^wfa) = oo. 

j=k 



Therefore, by (3.16) 
(3.21) 

Consequently, 
(3.22) 



E 

j=k 



Tj = OO. 



E 



lim s m> k = oo. 

m— Kx> 



j=fc+l 

Note that a^r^ — >■ 0; therefore, by (3.20), for every M > there exists j t 
such that 

(3.23) M < u m (0, 

s m,k) 3m < & < 171. 

We claim that 

(3.24) supiij(0,X7v) = oo Mxn > 0. 
By negation, assume that 

3s > : supiij (0, s) = K < oo. 

By (3.12) 

< 4a \x'\ < r,-. 



Uj(x', s) 



Uj (0,s) ~ ~ '~ 1 " ' r 
Here we use the fact that 1 = (f)(0) = m&x<fi. It follows that, for every j 
such that 2 j > (3/s, 

sup Uj(x', s) < AaK, \x'\ < r,j. 
Therefore, by the maximum principle, for every j as above, 
Uj(x' ,xn) < AaK Vx G £lj n [x^ > s] . 
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In view of (3.22), this contradicts (3.23). □ 

3.4. Proof of Theorem 1.2. 

Let Po(x,y) = cnxn\x — y\~ N be the Poisson kernel for —A in R+. 
Condition (1.9) implies that, for any positive constants a,R 

(3.25) sup \x'\~ a h(x) < oo. 

|x'|<fl 

For every q > 1 choose a > such that q < (N + 1 + a)/(N — 1). Then for 
every R > 0, 

/ h(x)P{f(x,0))x N dx < C a \x\ a Pg(x,0))x N dx < oo. 

■/[|x|<fl, 0<xjv] ./[|x|<.R, 0<xjv] 

Consequently, for every A; > 0, the problem 
-Av + h{x)v q = in Do, 

■u = on c^Do := = 1, xn > 0], 

v = Mo on [xat = 0] 

possesses a unique solution dominated by the supersolution kPo (see [4]). 
The function 

(3.26) i> ,oo := lim v ,k in D 

k—>oo 

is a solution of (1.1) in Do n > 0] but it may blow up as \x'\ — > 0. 
Put 

f(x N )= / v ,oo(x',x N )dx' \/x N >0. 

J\x'\<l 

If f(a) < oo for some a > then fo j0 o is finite in Do D [xn > a] so that 
f(x]y) < oo for every xjy > a- Thus 

(3.27) f(a) < oo for some a > =>• /(x/v) < oo Vxat > a. 
Let 

(3.28) 6 = inf{x N > : /(xjv) < oo}. 
By(3.27) 

(3.29) I(xn) = oo Vxjv G (0, 6), /{xn) < °o Vxjv G (6, oo). 

We have to show that b = oo. By negation assume that 6 < oo. First 
consider the case < b. Let a G (0,6) and put rj(x'); = vo j00 (x',a). Then 

/ (prjdx' = oo V(peC([\x'\<l] such that ip(0) > 0. 

J|x'|<l 

Thus the measure fj, v = rj dx' is larger then Mo for every k > 0. The function 
given by V(x) — fo,oo 

(x', xn + a) satisfies 
-AV + h(x)V q = in D , 

V = on d e D := [\x'\ = 1, x N > 0], 

V = 17 on [xtv = 0]. 
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Therefore V > wo,oo 5 i-e., 

vo,oo(x', x N + a) > v ,oo(x', xn)- 

But this implies 

f(xN + a) = oo \/xn g (0, a + 6) 

which contradicts (3.28). 

Next assume that 6 = 0. In this case, 

(3.30) -"0,00(0, xn) < 00 \/xn > 

and consequently wo i00 is a solution of (1.1) in Dq. Let Wj be the unique 
solution of the boundary value problem: 

— Awj + djWj = 0, in fij 

(3.31) = on <9% n [xjv > 0], 

= oo<5o on [xjv = 0]. 

where ctj = h(rj). As usual, this means that u>j = liim^oo ^j,jfc where iw^fc 
is the solution of the modified problem where the boundary data on xn = 
is Wj t k(x',Q) = k5o. Since a,j > h(x) in S7j it follows that 

(3.32) Wj < wo,oo in 

The function u>* given by w*{x) := AjWj(rjx) for 1 e Do is a solution of 
the problem: 

-Aw + w q = m D 

(3.33) w = on e^D , 

u>(x',0) = cx)(5o on [xat = 0]. 

The solution of this problem is unique; consequently w*j is independent of j 
and we denote it by w*. 

Let C := svl~P\x'\<i/2 w*(x', 1). Then Wj(y) = A~ 1 w*(y/rj) satisfies 

Wj(y',rj) > cAj 1 , \y'\ < r j+1 . 

As Jj(x') = for \x'\ > rj+i it follows that 

Wj(y',rj) > c 7 j(x'), \x'\< rj . 

Hence 

Wj(x',XN + rj) > Uj(x) in ftj. 
Therefore, by Proposition 3.1, 

lim Wj(0, xn) = 00 \/xn > 0. 

j^oo 

Hence, by (3.32), 

■"0,00(0, x N ) = 00 Vx N > 
in contradiction to (3.30). 

□ 
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